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In this paper some results of Nunke [5-71 are used to obtain additional 
knowledge about the p-coprimary functors with enough projectives. We show 
that if S is such a functor and S is not the maximal p-divisible subgroup functor, 
then there is a largest ordinal u with S < pa. Some characterizations of the 
equation S = p” are given, and we show that if A is S Ext-projective then 
p”A = 0. In the last part of the paper we consider the problem of existence 
of a p-coprimary functor with enough projectives which is not the maximum 
p-divisible subgroup functor nor a pa. 
We shall use the word group to mean Abelian group. The word preradical 
is used synonmously with the phrase subfunctor of the identity [3]. A radical 
is a preradical R so that R(G/RG) = 0. Let 
E:O+Z+G+H+O 
be an extension of the integers. Nunke [5] defined S(E) by 
S(E)(A) = Im(Hom(G, A) + Hom(Z, A) = A) 
= Kernel(Hom(Z, A) = A + Ext(H, A)). 
We say S(E) is the preradical induced by E. The extension 
0 -+ z + Z[l/p] --f Z(P”) + 0 
induces the maximum p-divisible subgroup functor d, . Also, if CJ is an ordinal 
and p is a prime integer the radical p” is induced. 
THEOREM 1 (Nunke [5]). For each ordinal CT the radical pa is induced by an 
extension 
having the jollowing properties: 
(i) If CT is a limit ordinal, then H, = CBCo He . 
(ii) p”H,,, is cyclic of order p and H, = HO+,/poHO+I . 
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(iii) p”H, = 0. 
(iv) For each group C, p0 Ext(H, , C) -= 0. 
(v) If u is infkite, then / 0 1 = 1 G, 1 where the vertical bars denote 
cardinality. 
A preradical S is a p-coprimary functor if it is induced by an extension L? 
in Ext(H, Z) where H is a p-group. If S is a preradical and A is a p-group, 
then A is S Ext-projective means S Ext(A, C) = 0 for each group C. Nunke 
[5] has shown that a group is d, Ext-projective if and only if it is the direct 
sum of a free group and a p-group. Furthermore, if S is a p-coprimary functor, 
then every S Ext-projective group is the direct sum of a free group and a 
p-group. So if H is a p-group then d,, Ext(H, A) = 0, and if S is induced 
by E in Ext(H, 2) then 
d,(A) < Kernel(Hom(Z, A) : A + Ext(H, A)) = S4. 
Thus d, < S for each p-coprimary functor S. 
A preradical S is a p-coprinzary functor mith enough projectives if there is an 
extension E of Z by H so that S x S(E) and H is an S Ext-projective p-group. 
Thus d, and p” are p-coprimary functors with enough projectives. We were 
motivated to do the material in this paper by our attempt to determine whether 
d, and the pU are the only such functors. 
Nunke [5] has shown that if 5’ is a p-coprimary functor with enough projec- 
tives, then 5’ = p’” for some nonnegative integer n or S ,< y. He has also 
proven the following lemma. 
LEMMA 1 (Nunke [7]). Let S be induced by an extension of Z by H, H be a 
p-group and S, be a radical. Also let G,/Z =-= S,H and S, is induced by 
0 ---f Z --f G, ---f S,H - 0. 
Then the following hold: 
(1) If A is an S Ext-projective torsion group, then S,A is S, Ext-projective 
and A/S,4 is S Ext-projective. 
(2) Suppose S .< S, Then S < S,S, , and if S < S’S, and S’ is a 
p-coprimary functor then S, < s’. 
(3) If S # d, and A is an S Ext-projective p-group, then SA = 0. 
One consequence of the preceding lemma is that if pa is induced by an 
extension of Z by H, p”H = 0, and H is a p-group, then the p-length, hH, 
of H is 0. To see this, take S = pa and S, = pnH, then S, is the identity. Now 
apply the second portion of part (2) of the lemma. 
LEMMA 2 (Nunke [5]). For i = 1, 2, let Si be induced by Ei in Ext(H, , Z), 
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7: Tor(H, , Hl) -+ Hl be the connecting homomorphism induced by E, , ana’ 
Es = EAT. If 6i: C + Ext(Hi , C) is the connecting homomorphism induced 
by Ei , then 
S,C = 6;lS, Ext(H, , C) = 6,lS, Ext(H, , C) 
for each group C. 
Almost every result in this paper hinges on the next theorem. 
THEOREM 2. If S # d, is induced by an extension E of 2 by H wbe H 
is an S Ext-projective p-group, then S < plH and if S < pe, /3 < XH. 
Proof. Since S is p-coprimary, d, < S. The premise S # d, implies 
there is a smallest ordinal 0 with S 4 pe. Observe that 6’ is neither a limit 
ordinal nor 0. So S < peV1; if S < ps, then /3 < 0 - 1. For the remainder 
of this proof u will denote 0 - 1. 
Now we will show u < hH. Let E, be an extension inducing pa and having 
the properties guaranteed by Theorem 1, and let 7: Tor(H, , H) --+ H be the 
connecting homomorphism induced by E. Also, let 6,: C + Ext(H, , C) be 
the connecting homomorphism induced by E, and E’ = ET. Applying Lemma 2 
we get S(E’)C = S;lS Ext(H,, , C) = &l(O) = p”(C). We have S(E’) = pO, 
Tor(H,, , H) is a p-group and p0 Tor(H, , H) = 0. Thus, according to the 
comment preceding Lemma 2, h Tor(H,, , H) = cr. By part (3) of Lemma 1, 
SH = 0; therefore, H is p-reduced. Thus h Tor(H, , H) = (J implies hH 3 0. 
The inequality hH < (T is obtained by showing that pOH = 0. Let G,/Z = 
pOH and S, be induced by 
O-tZ+G,+p”H+O. 
By part (1) of Lemma 1, pOH is S, Ext-projective so that S, is a p-coprimary 
functor with enough projectives. Thus S, is either the identity or S, < p. 
Since 0 is the largest ordinal so that S < pU and S < S,pO, we must conclude 
that S, is the identity. Since p”H is S, Ext-projective, PH is a free p-group. 
HencepOH = 0. 
COROLLARY 1. If S is induced by Ei in Ext(Hi , Z) where Hi is an S Ext- 
projective p-group for i = 1,2, then hH, = XH, . 
One of the more interesting results in this paper is the following. 
COROLLARY 2. Let d, < S < pW and S be induced by an extension of Z 
by H where H is an S Ext-projective p-group. If A is an S Ext-projective group, 
then pAHA = 0. 
Proof. Any S Ext-projective group A is the direct sum of a free group F 
132 EDWIN P. OXFORD 
and an S Ext-projective p-group K. So pAHA := pAHK. Since each S Ext- 
projectivep-groupL is a summand of Tor(H, L) [7, Lemma 2.11, K is a summand 
of Tor(H, K). Consequently, 
pAHK < pAH Tor(H, K) = 0. 
Let d, < S << pU be induced by an extension of Z by H where H is an 
S Ext-projective p-group, Our next theorem will give several characterizations 
of the equality S = p AH. But first we need to state a lemma and make a brief 
comment, both of which are used in the proof of the theorem. 
LEMMA 3 (Hill and Megibben [4]). Let S be a p-coprimary jiinctor with 
enough projectives. A p-group C is a subgroup of an S Ext-projective group if and 
only if for each short exact sequence 
for each group E and for each homomorphism 4: A --+ PEE, there exists a homo- 
morphism #: B + E so that 
O---tA-+B+C-tO 
m 
-1 1 
J 
0-tpBE-t E 
commutes. 
Let S be induced by 
O-+Z+G+H+O 
and A be a group. If a is in SA there exists E in Hom(G, A) with t(l) = a. 
Therefore a is in SSG. Thus for each a in SA there is a subgroup B of A with 
j B 1 < 1 G / so that a is in SB. In particular, if a is inpUA there is a subgroup B 
of A with 1 B / < i 0 1 so that a is in p”B. The preceding argument is an excerpt 
from the proof of [5, Theorem 2.21. 
THEOREM 3. Let S be induced by 
where H is an S Ext-projective p-group and d, < S < pu. The following are 
equivalent: 
(1) s = PAX. 
(2) If SA = 0, then pAHA = 0. 
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(3) If K is IL group so that [ K ( < 1 XH 1 and SK = 0, then pAHK = 0. 
(4) H is phH Ext-projectiwe. 
(5) H is a subgroup of a pnH Ext-projective group. 
Proof. Every p-coprimary functor with enough projectives is a radical [5]. 
Charles has shown that two radicals S and R satisfy S < R if and only if the 
class of groups R annihilates is a subclass of the class of groups S annihilates [l]. 
Thus (1) and (2) are equivalent. Obviously (2) implies (3). 
Assume (3) holds and suppose SA = 0. If x is inpAHA there is a subgroup B 
of A so that 1 B / < j XH 1 and x is in pAHB. Since SB = 0, we have by (3) 
that x is in pAHB = 0. Thus pAHA = 0. So (3) implies (2). 
Of course (1) implies (4) and (4) implies (5). Now to show (5) implies (1) 
we apply Lemma 3. Let a be in pAHK and &: 2 + piHK: 1 -+ a. Since H is 
a subgroup of a pAH Ext-projective group, there is a homomorphism II, so that 
0-Z--+G-+H-tO 
4 1* 
O+pnHK+ K 
commutes. Consequently #(l) = a so that a is in SK. Thus plH < S. 
COROLLARY 3. If d, < S < pW is induced by an extension of Z by H where 
H is a countable S Ext-projective p-group, then S = pAH. 
Proof. By Corollary 2, pAHH = 0. Since H is countable and pnHH = 0, 
H is pAH Ext-projective [6, Theorem 3.21. 
The preceding result prompts the following question. 
QUESTION 1. Let d, < S < p be induced by an extension of Z by H 
where H is an S Ext-projective p-group and / H 1 = I XH /. Then does 
P “Hz&y? 
Nunke [6] has entertained the question, for which p-groups H does there 
exist an extension E of Z by H so that H is S(E) Ext-projective; he has shown 
that such groups must be fully starred. Of course, this question of Nunke’s 
is encountered when one attempts to construct a p-coprimary functor with 
enough projectives which is not d, nor a pU. More precisely, we are interested 
in finding a fully starred p-group H and an extension E of Z by H so that H 
is S(E) Ext-projective, S(E) # d, , and S(E) # pi for all cr. Now we shall 
discuss what we think is a good class of candidates. A p-group A is a DieudonnL 
group if p”A = 0, A is not p” Ext-projective, and A has a subgroup B so that 
B < A[p] and A/B is a direct sum of cyclics [2]. Nunke [5] has shown that 
each DieudonnC group is pw+r Ext-projective and hence fully starred. We shall 
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call a functor S a LXeudonne functor if it is induced by an extension of 2 by II 
where H is an S Ext-projective Dieudonne group, but let us keep in mind 
that such functors may not exist. Now notice that if S is a Dieudonne functor, 
pW+l < S < pW. The statements S < pW follows from Theorem 2 and part (4) 
of Theorem 3. From Corollary I we getpw+r l;h S. Since H ispw+r Ext-projective, 
Tor(H, G) is pW+l Ext-projective for each group G. So by [5, Lemma 4.101, 
pw+l Ext < S Ext. Since pWAl and S are p-coprimary, pwfl Ext < S Ext 
implies pW+l < S [5, Proposition 2.41. 
QUESTION 2. Do Dieudonnt functors exist ? 
Our third question is one which follows naturally from Nunke’s observation 
that a countable p-group A is p Ext-projective if and only if p*A = 0 [6]. 
QUESTION 3. Let d, < S < pU be a p-coprimary functor with enough 
projectives and A be a countable p-group. Does SA = 0 imply 4 is S Ext- 
projective ? 
In order to stimulate more interest in Question 3 we present the next 
theorem. 
THEOREM 4. Let d, < S < pW be a p-coprimary functov with enough 
projectives, o be the largest ordinal with S < pa and o be countable. If A is a 
countable p-group and SA = 0 imply A is S Ext-projective, then pa and S a,aree 
on the class of p-groups. 
Proof. Let K be a p-group, SK = 0 and x be in p-K, Since 0 is countable 
there is a countable subgroup B of K so that x is in PUB. So B is countable 
and SB = 0; thus, B is S Ext-projective. According to Corollary 2, p”B = 0. 
Hence x = 0 and paK = 0. We have shown that if K is a p-group and SK = 0, 
then p”K = 0. Let A be an arbitrary p-group. Since S(A/SA) = 0, 
p”(A/SA) = 0; consequently, p”A < SA. 
As a corollary to Theorem 4 we obtain the following connection between 
Question 2 and Question 3. 
COROLLARY 4. There is no Dieudonne’ functor S with the property if A is a 
countablep-group and SA = 0 then A is S Ext-projecthe. 
Proof. Suppose S is a Dieudonne fun&or having the property. According 
to part (3) of Theorem 3 there is a countable group A with SA = 0 and 
pmA f 0. Since SA = 0, pw+lA = 0; therefore, A is $++I Ext-projective. 
By [3, Corollary 19.31, A is the direct sum of a free group and a group B with 
no free quotients. Thus pwA = PUB, SA = SB, B is pW+l Ext-projective, 
and B has no free quotients. Consequently, B is a p-group, p”B + 0 and 
SB = 0. The preceding sentence contradicts Theorem 4. 
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